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SOME APPLICATIONS OF THE HALES-JEWETT
THEOREM TO FIELD ARITHMETIC
BO-HAE IM AND MICHAEL LARSEN
Abstract. LetK be a field whose absolute Galois group is finitely
generated. If K neither finite nor of characteristic 2, then every
hyperelliptic curve over K with all of its Weierstrass points defined
over K has infinitely many K-points. If, in addition, K is not
locally finite, then every elliptic curve over K with all of its 2-
torsion rational has infinite rank over K. These and similar results
are deduced from the Hales-Jewett theorem.
1. Introduction
This paper is motivated by the following conjecture:
Conjecture 1. If K is a field which is not locally finite and such that
Gal(Ksep/K) is topologically finitely generated, then every non-trivial
elliptic curve E/K has infinite rank over K.
Frey and Jarden [FJ] used probabilistic methods to prove that for a
given E, the rank is infinite for “most” such fields K over which E is
defined. In a series of papers [L2, I1, I2, IL], the authors used methods
of Diophantine geometry to prove this result whenever Gal(Ksep/K) is
topologically cyclic (assuming the characteristic ofK is not 2.) A differ-
ent line of investigation [I3, BI] gave similar results using Heegner point
methods. Neither approach offers much hope of progress in the case
where Gal(Ksep/K) requires two or more generators. A third method
was suggested by the Tim and Vladimir Dokchitser [DD], who proved
the result for any characteristic zero field K, provided the j-invariant
of E is an algebraic number. Their proof is conditional, however, re-
quiring some part of the Birch-Swinnerton-Dyer conjecture, either the
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equality of analytic and Mordell-Weil ranks or the finiteness conjec-
ture for Tate-Shafarevich groups. In this paper, we introduce a fourth
method, based on the Hales-Jewett theorem in combinatorics, which
offers unconditional results for any number of generators, though at
present an additional hypothesis on E is needed.
We recall that a field K is said to be ample if every smooth curve
X/K with a non-singular K-point satisfies |X(K)| =∞. A conjecture
of Junker and Koenigsmann [JK] asserts that every infinite field with
finitely generated Galois group is ample. This would imply Conjecture
1 when K is of characteristic zero [BF, Proposition 2.4]. In this paper,
we prove that certain kinds of pointed curves (namely split hyperelliptic
curves) have infinitely many points over any infinite field with finitely
generated Galois group. This supports the Junker-Koenigsmann con-
jecture, though of course split hyperelliptic curves are rather special.
In general, we can prove infinite rank for those abelian varieties which
contain split hyperelliptic curves, again, a rather special set of exam-
ples.
2. Density for hyperelliptic curves
Let K be a field not of characteristic 2. We fix a separable closure,
which we denote Ksep and let GK := Gal(K
sep/K).
By a split hyperelliptic curve, we mean a curve X/K which has an
affine open set of the form
SpecK[x, y]/(y2 − (x− a1) · · · (x− a2g+2)),
where g ∈ N and the ai are pairwise distinct elements of K.
Proposition 2. If K is not of characteristic 2 and GK is finitely gen-
erated (as a topological group), then for every split hyperelliptic curve
X/K, there exist a finite subset C ⊂ K and a finite set L ⊂ K[t] of
degree 1 polynomials such that for all c ∈ K \ C there exist λ ∈ L and
a point in X(K) whose x-coordinate is λ(c).
Proof. AsGK is finitely generated, by Kummer theory, Q := K
×/(K×)2
is finite. For each non-zero c ∈ K, we write [c] for the class of c in
Q. Let [1, n] denote the set of positive integers from 1 to n. By the
Hales-Jewett theorem, there exists N such that for every partition of
Z := [1, 2g + 2]N into sets Yq indexed by elements q ∈ Q, there exist
q ∈ Q and functions f1, . . . , fN : [1, 2g + 2] → [1, 2g + 2] such that the
following conditions hold.
• Each fi is either constant or the identity function.
• At least one fi is non-constant.
• For all j ∈ [1, 2g + 2], (f1(j), f2(j), . . . , fN(j)) ∈ Yq.
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Let X have an affine open set of the form
y2 = (x− a1) · · · (x− a2g+2),
where g ∈ N and the ai are pairwise distinct elements of K. We fix
elements b1, . . . , bN ∈ K such that no non-trivial subset of the bi sum
to zero. This is possible since K is infinite. Define
C := {b1ai1 + · · ·+ bNaiN | i1, . . . , iN ∈ [1, 2g + 2]}.
For all c ∈ K \ C, we can define a partition {Yc,q}q∈Q of Z by
Yc,q := {(i1, . . . , iN) ∈ Z | [c− b1ai1 − · · · − bNaiN ] = q}.
Let fc,1, . . . , fc,N denote functions satisfying the Hales-Jewett theorem
for the partition {Yc,q}q∈Q, and let Sc ⊂ [1, N ] denote the (non-empty)
set of indices i such that fc,i is the identity function. Explicitly, for
i ∈ Sc, fc,i(j) = j, while for i ∈ [1, N ] \ Sc, fc,i(j) = fc,i(1).
We define
rc :=
∑
i∈[1,N ]\Sc
biafc,i(1)
and
sc :=
∑
i∈Sc
bi 6= 0.
Thus,
c− b1afc,1(j) − · · · − bNafc,N (j) = c−
∑
i∈[1,N ]\Sc
biafc,i(1) −
∑
i∈Sc
biaj
= c− rc − scaj .
For all j ∈ [1, 2g + 2],
(fc,1(j), . . . , fc,N(j)) ∈ Yc,q,
so
q = [c− b1afc,1(j) − · · · − bNafc,N (j)] = [c− rc − scaj].
It follows that
2g+2∏
j=1
(c− rc
sc
− aj
)
= s−2(g+1)c
2g+2∏
j=1
(c− rc − scaj) ∈ (K×)2,
and therefore that X(K) contains a point (x, y) with x = (c− rc)/sc.
The proposition now holds for
L :=
{
t−∑i∈[1,N ]\S biafc,i(1)∑
i∈S bi
∣∣∣∣ ∅ 6= S ⊂ [1, N ]
}
.

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Theorem 3. If K is infinite and not of characteristic 2 and GK is
finitely generated, then for every split hyperelliptic curve X/K, we have
|X(K)| =∞.
Proof. Let S denote the set of x ∈ K such that (x−a1) · · · (x−a2g+2) ∈
(K×)2. We apply Proposition 2 to obtain finite sets of constants C ⊂ K
and affine linear functions L ⊂ K[t] such that for all c ∈ K \ C, there
exists λ ∈ L such that λ(c) ∈ S. For any s ∈ S and λ ∈ L. there exists
at most one c ∈ K \ C such that λ(c) = s. Therefore, if K is infinite,
S must be infinite as well. 
The following corollary follows immediately.
Corollary 4. Let X be a hyperelliptic curve over an infinite field K
not of characteristic 2. Then for all n ∈ N, the subset
{(σ1, . . . , σn) ∈ GnK : |X(Ksep)〈σ1,...,σn〉| =∞} ⊂ GnK
has non-empty interior.
This suggests the following conjecture:
Conjecture 5. If X is any curve over an infinite field K, then
{(σ1, . . . , σn) ∈ GnK : |X(Ksep)〈σ1,...,σn〉| =∞} ⊂ GnK
has non-empty interior.
3. Infinite rank for hyperelliptic Jacobians
We begin with an extension of a lemma of Silverman [Si].
Proposition 6. Let A be an abelian variety over a field K which is
finitely generated over its prime field. Then for all d ∈ N⋃
{L|K⊂L⊂Ksep, [L:K]≤d}
A(L)tor
is finite.
Proof. Let K0 = K and A0 = A. We claim there exists a sequence
K1, . . . , Km of fields, a sequence A1/K1, . . . , Am/Km of abelian vari-
eties, a sequence (R0, (pi0)), . . . , (Rm−1, (pim−1)) of valuation rings, and
a sequence A0/R0, . . . ,Am−1/Rm−1 of abelian schemes, with the fol-
lowing properties.
• Km is finite.
• Each Ri is a localization of a finitely generated Z-algebra.
• The fraction field of Ri is isomorphic to Ki.
• The residue field of Ri is isomorphic to Ki+1.
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• Via these isomorphisms the generic fiber and special fiber of Ai
are isomorphic to Ai and Ai+1 respectively.
Indeed, every K is the field of fractions of some finitely generated
Z-algebra B ⊂ K, and we prove the claim by induction on the Krull
dimension of B. If B is a field which is finitely generated over Z, it is a
finite field, so the base case is trivial. As Z is an excellent ring [EGA,
IV 7.8.3 (iii)], the same is true for B [EGA, IV 7.8.3 (ii)], so the regular
locus of SpecB is open [EGA, IV 7.8.3 (iv)] and non-empty since B is
an integral domain. Replacing B by B[1/b] for a suitable b ∈ B, we may
assume that B is regular. The abelian variety A extends to an abelian
scheme over some non-empty open subset of SpecB, so inverting an
additional non-zero element of B, we may assume A is an abelian
scheme over B. Let P denote any prime ideal, minimal among non-
zero primes of B. Let R0 := BP , and let A0 denote the abelian scheme
obtained fromA by base change from B to BP . As B is regular, BP is a
regular local domain of Krull dimension 1, i.e., a discrete valuation ring.
Let K1 be the residue field of R0, or equivalently, the field of fractions
of B/P , which is a finitely generated Z-algebra of Krull dimension less
than that of B. Let A1 denote the special fiber of A0. By the induction
hypothesis, we can now construct the remaining terms of the sequence.
Given any extension L/K of degree ≤ d, we iteratively construct
extensions Li/Ki of degree ≤ d and discrete valuation rings Si ⊃ Ri
with fraction field Li and residue field Li+1. The integral closure S
′
i of
Ri in Li is a semi-local Dedekind domain; localizing at any maximal
ideal, we obtain Si. We define Li+1 to be the residue field of Si. Since
S ′i is an integral domain, it is a torsion-free as Ri-module. As Ri is
finitely generated over the excellent ring Z, S ′i is a finitely generated
Ri-module [EGA, IV 7.8.3 (vi)]. By the classification of modules over
a discrete valuation ring, S ′i
∼= R[Li:Ki]i . Thus S ′i/(pii) is a vector space
of dimension [Li : Ki] over Ri/(pii) = Ki+1. The quotient Li+1 of Si by
its maximal ideal is a quotient Ki+1-module of S
′
i/(pii), and it follows
that [Li+1 : Ki+1] ≤ [Li : Ki].
It is well-known that if n is not divisible by the characteristic of Li+1,
no non-trivial n-torsion point of Ai(Li) = Ai(Li) = Ai(Si) lies in the
kernel of the specialization homomorphism to Ai(Li+1) = Ai+1(Li+1).
If A(L)p−tor and A(L)p′−tor denote the p-power torsion and prime-to-p
torsion respectively, then
A(L)tor = A(L)p−tor ⊕ A(L)p′−tor,
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and there is an injective homomorphism A(L)p′−tor → Am(Lm). By the
Lefschetz trace formula
|Am(Lm)| ≤ (1 +
√
|Lm|)2 dimA < (1 + |Km|d/2)2 dimA.
It follows that
A(L)p′−tor ⊂ A(K¯)[N ],
where N is the least common multiple of all integers prime to p and less
than or equal to (1+ |Km|d/2)2 dimA. To prove the proposition, then, it
suffices to show that |A(L)p−tor| is bounded above.
Let Tp(A) denote the physical p-adic Tate module of A, i.e.,
Tp(A) := lim←−
n
A(Ksep)[pn].
Thus Tp(A) is a free Zp-module with a continuous GK action. Let GK,p
denote the image of GK in Aut(Tp(A)) ∼= GLr(Zp). As GLr(Zp) is
virtually p-adic analytic, its closed subgroup GK,p is finitely generated.
Let G≤dK,p ⊂ GK,p denote the intersection of all kernels of continuous ac-
tions of GK,p on sets of cardinality ≤ d. As GK,p is finitely generated,
there are finitely many such actions, each corresponding to a homomor-
phism from GK,p to a symmetric group, and G
≤d
K,p, as the intersection
of the kernels of these homomorphisms, is of finite index in GK,p.
The inverse image of G≤dK,p under the quotient map GK → GK,p is
an open subgroup of GK and therefore of the form GM for some finite
extension M of K. Let L ⊂ Ksep be any separable extension of K of
degree ≤ d. Suppose a ∈ A(Ksep)p−tor is fixed by every element of GL.
Then its orbit under GK has ≤ d elements. Thus, its orbit under GK,p
has ≤ d elements, and it follows that a is fixed by G≤dK,p and therefore
by GM .
Since M is finite over K, it is finitely generated over its prime field,
so by Ne`ron’s theorem [Ne], A(M) is finitely generated. In particular,
for every separable extension L/K of degree ≤ d,
A(L)p−tor = A(K
sep)GLp−tor ⊂ A(Ksep)GMp−tor = A(M)p−tor
is bounded independently of L.

We need the following Chebotarev-type lemma in commutative al-
gebra, and lacking a precise reference, we provide a proof.
Proposition 7. Let R0 be a finitely generated Z-algebra and φ : R0 →
R a homomorphism such that R is an infinite, finitely generated φ(R0)-
module. Then there exist infinitely many maximal ideals m of R such
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that
|R/m| = |R0/φ−1(m)| = q <∞.
Proof. Replacing R0 by its image in R, we may assume without loss of
generality that φ is injective. By [Bo, V, §3, Th. 3], R is a Jacobson
ring and if m is any maximal ideal of R, then R/m is a finite field.
As R is a Jacobson ring, its nilradical I must be an intersection of
maximal ideals. As R is Noetherian, I is finitely generated, so it is
nilpotent. Moreover, since I is a quotient of Rk for some k, for each
j ∈ N, Ij ∼= Rkj/Mj for some R-module Mj . Therefore, we have right
exact sequences
Ij ⊗ I → Ij → Ij ⊗ (R/I)→ 0
and
(R/I)⊗Mj → (R/I)kj → Ij ⊗ (R/I)→ 0.
If R/I is finite, the same is true of Ij ⊗ (R/I) for all j, and then
Ij+1 = im (Ij ⊗ I → Ij)
is of finite index in Ij for all j. This implies that (0) = In is of finite
index in R, contrary to assumption. Thus R/I is infinite, which, since
all maximal ideals have finite residue fields, implies that R has infinitely
many many maximal ideals.
The image of the morphism SpecR → SpecZ is constructible, so
either it contains the generic point or it is finite. In the former case,
let P denote a prime ideal of R lying over (0). The field of fractions
of R/P is a finitely generated extension of Q and therefore embeds
in C. It follows [L1, Lemma 1.4] that there exists infinitely many
rational primes p such that Fp is a quotient of R. If m is the kernel of
a homomorphism R → Fp, then the natural injective homomorphism
R0/φ
−1(m)→ R/m ∼= Fp is an isomorphism.
We may therefore assume that R lies over a finite set of primes
{p1, . . . , pk}. As R is an integral domain, it is an Fp-algebra for some
p = pi, so the same is true of R0. Let X := SpecR and X0 := SpecR0.
Thus X → X0 is a dominant finite morphism, and it follows thatX and
X0 have the same dimension, which we denote d. Let Fq denote a finite
extension of Fp such that all irreducible components of X×SpecFq and
X0×Spec Fq are geometrically irreducible. By the Lang-Weil estimate,
|X(Fqk)| is bounded below by qdk/2 for large k, while∑
{
j<k
∣∣k
j
∈N
} |X0(Fqj)| = O(qdk/2).
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It follows that for every sufficiently large k, there exists x ∈ X(Fqk)
which maps to a point of X0 with residue field Fqk . This proves the
proposition. 
Theorem 8. Let X be a split hyperlliptic curve over a field K, and
φ : X → A a non-constant K-morphism from X to an abelian variety
A. Suppose that K is not locally finite, charK 6= 2, and GK is finitely
generated. Then the rank of A over K is infinite.
Proof. Let X have an affine open set of the form
y2 = (x− a1) · · · (x− a2g+2).
We define finite sets C and L as in Proposition 2.
Let R0 denote a finitely generated Z-subalgebra of K such that Z
and all of the ai are defined over R0. As K is not locally finite, without
loss of generality, we may assume that R0 is infinite. As charK 6= 2,
we may assume that 2 is invertible in R0. Similarly, as the ai are
pairwise distinct in K, we may assume ai − aj is invertible in R0 for
1 ≤ i < j ≤ 2g + 2. Likewise, we may assume that the t-coefficient
of every λ ∈ L is invertible. Let F0 denote the fraction field of R0.
If F is any finite extension of F0, the integral closure R of R0 in F is
a finitely generated R0-module (since R0 is finitely generated over Z),
and therefore a finitely generated Z-algebra.
As 2 is invertible in R, for every maximal ideal m, q := |R/m| is odd.
As R is finitely generated, for any fixed q, the set of homomorphisms
R→ Fq is finite. Therefore, all but finitely many maximal ideals have
residue field cardinality larger than any given constant.
By Lemma 7, there is an infinite sequence m1,m2,m3, . . . of maximal
ideals of R with qi := |R/mi| > c for all i, where c := 2g2 + 2g +
3 + 2g⌈√g2 + 2g + 3⌉, and such that |R0/R0 ∩ mi| = qi. The reduced
equation
y2 = (x− a¯1) · · · (x− a¯2g+2)
over R/mi is non-singular and of genus g, so it has at most q+2g
√
q+1
Fqi-points. On the other hand, the x-coordinate gives a map to the
affine line which is two-to-one except at 2g + 2 points. For qi > c, we
have 2g
√
qi < qi−2g−3, so there are fewer than 2qi−2g−2 Fqi-points
on our reduced affine curve. It follows that there exists xi ∈ Fqi such
that (xi − a¯1) · · · (xi − a¯2g+2) has no square root in Fqi.
By the coprimality of maximal ideals, the natural homomorphism
R0 →
n∏
i=1
R0/(mi ∩R0)
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is surjective for all n. Writing L = {λ1, . . . , λN} we can choose c ∈
R0 \C such that λi(c) reduces (mod mi) to xi. This implies that λi(c)
cannot be the x-coordinate of an F -point of E for any i. On the other
hand, by Proposition 2, for some i, λi(c) is the x-coordinate of some
point of X(K). This point can be defined over a quadratic extension
Fi ⊂ K of F0.
We can now proceed iteratively, finding a sequence of points Pn ∈
X(Fi), such that φ(Pn) 6∈ A(F1 · · ·Fn−1). To find P1, we define F = F0.
To find Pn for n ≥ 2, we define F to be the compositum F1 · · ·Fn−1. By
Proposition 6, φ(Pn)⊗ 1 is non-zero in A(K)⊗Q for all n sufficiently
large. Moreover, if φ(Pn)⊗ 1 6= 0, it cannot lie in
Span{φ(Pi)⊗ 1 | 1 ≤ i < n}
because in A(F1 · · ·Fn)⊗ Q ⊂ A(K)⊗ Q, this span is fixed pointwise
by Gal(F1 · · ·Fn/F1 · · ·Fn−1).

Corollary 9. If K is not locally finite or of characteristic 2 and GK is
finitely generated, then for an elliptic curve E/K such that E[2](K) ∼=
(Z/2Z)2, the rank of E over K is infinite.
Proof. As the 2-torsion of E is rational, E is itself split hyperelliptic.
SettingX = A = E and letting φ denote the identity map, the corollary
follows immediately from Theorem 8. 
Corollary 10. If F0 is of characteristic zero, then for every abelian
surface A/F0, there exists a finite extension F of F0 such that for every
extension K of F with GK finitely generated, A has infinite rank over
K. The same is true in characteristic p > 2 if F0 is not locally finite
and A is ordinary.
Proof. Every abelian variety over an algebraically closed field is isoge-
nous to a principally polarized abelian variety. In characteristic zero,
the “Hecke orbit” of principally polarized abelian varieties isogenous
to a fixed g-dimensional principally polarized abelian variety A is al-
ways Zariski-dense in the moduli space Ag, and the same thing is true
in characteristic p > 0 if A is ordinary [Ch]. However, by the Torelli
theorem, there exists a non-empty open subset of the moduli space
of principally polarized abelian varieties which are Jacobians of curves
of genus 2. Thus, every abelian surface admits a non-constant mor-
phism from some hyperelliptic curve X , defined over F¯0 and therefore
over some finite extension F of F0. Enlarging F if necessary, we may
assume that X is split and apply Theorem 8. 
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